LOCALIZED FACTORIZATIONS OF INTEGERS 



DIMITRIS KOUKOULOPOULOS 



Abstract. We determine the order of magnitude of H^''~^^\x, y, 2y), the number of inte- 
gers n < X that are divisible by a product di ■ ■ ■ dk with yi < di < 2j/i, when the numbers 
logyi, . . . ,logyfc have the same order of magnitude and k > 2. This generahzes a resuh 
by Kevin Ford when k — 1. As a corohary of these bounds, we determine the number of 
elements up to multiplicative constants that appear in a (fc + l)-dimensional multiplication 
table as well as how many distinct sums of fc + 1 Farey fractions there are modulo 1. 



1. Introduction 

Let A; be a fixed positive integer. Take all numbers up to and form all possible products 
111 - ■ ■ rifc+i with rii < N for all i. Obviously, there will be many numbers that appear 
numerous times in this {k + l)-dimensional multiplication table. A natural question arising 
is how many distinct integers there are in the table. This question was first posed by Erdos 
(see [2] and [3]) when k = 1. Motivated by this problem we define 

Ak+i{N) = |{ni ■ ■ -n^+i : m < N {1 < i < k + 1)}|. 

The key to understanding the combinatorics of A^^i is the counting function of localized 
factorizations 

H^'+'^x^y^z) := \{n < x : n+i{n,y,z) > 1}|, 

where 

n+i{n, y, z) ■= \{{di, . . . , 4) : di ■ ■ ■ dk\n, Vi < di < Zi {I < i < k)}\ 

and y and z are /c- dimensional vectors. The transition from if ('^+^) to A^+i is achieved via 
the elementary inequalities 

ff.«.(^.(^...4).(^.....;v))<^.,.,;v) 



l<2^i<N 
l<i<k 



+!'■■■' / ' \ 2"^! ' ' ' ' ' 2"*fc 



When A; = 1, Ford [B], improving upon estimates of Tenenbaum [T^, showed that 



H^^\x,y,2y)^ (3 < y < v^), 

(log I/) log 2 (log log ^ " 
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where 



/u 
log tdt = u log u — u + 1 (m > 0) . 



Q{u): 

As a consequence, he proved that 

AafA^) X (A^ > 3). 

(logA^)'^(j^^(loglogA^)3/2 

In the present paper we generalize this result by Ford to the function H^''~^^\ Set p = 
{k + ly/K Then we prove the following theorem which gives the order of magnitude of 
2y) when all the numbers logyi, . . . , logy^ have the same order of magnitude. 
This suffices for the application to Ak+i. 

Theorem 1. Let k > 2 and < 6 < 1. Consider x > 1 and 3 < < ^2 < ■ • ■ < ?/A; with 
2^+^yi---yk < x/y{. Then 

k+l 



X 



(log yi)^^i°sp^ (log log 1/1 )^/^ 
Furthermore, if we assume that yk < yl for some c>l, then 

H('+'\x, y, 2y) -, 

(log ?/i ) ^ ^ i°g P ^ (log log yi ) 

and consequently 

H^''+^\x,y,2y) ^^Ac 57^7 • 

(log?/i)'^^i°sP-'(loglog?/i)3/2 

As a corollary we obtain the order of magnitude of Ak+i for every fixed k > 2. 
Corollary 1. Let k > 2. For every N >3 we have that 

Ak+i{N) Xfc . 

(log Nf^^p\\og\ogN)y^ 

Proof. Apply Theorem [1] to the left inequality of (11. ip to obtain the lower bound. For the 
upper bound apply Theorem [T]to the right inequality of (11. ip if 2^^~^^ < \/N for all i = 
1, . . . ,k. Note that in this case ^JJ+i < ( ^J^+i ) for all i and j in {1, . . . , k}. Else, use the 
trivial bound H^^^^\x, y, 2y) < x. □ 

Another application. In [TT] Haynes and Homma study the set 

Fn{k + 1) := + . . . + ^ (mod I) : I < h < r^ < R, {h, r,) = 1 {1 < i < k + 1] 
I n rk+i 

namely the set of distinct sums modulo 1 of A; + 1 Farey fractions of order R. They show 
that 

^ (log i?) (log log i?) 3/2' 

To estimate \Fii{k + 1)| for an arbitrary k we need the following theorem. 
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Theorem 2. Let A;>1, 0<5<1 and c > 1. Consider a; > 1 and 3 < yi < y2 < ■ ■ ■ < yk 
with 2^+^?/i ■ ■ ■ yk ^ x/yf and yk ^ Vi- Then 

H^'^^'\x,y,2y):= ^1 ^ »M.c ^ -• 

x/2<n<x,^Hn)=l (log J/i )'^^ '"^ P ^ (log log T/i )3/2 

Tfc+i(n,y,2?/)>l 

Observe that the above theorem is stronger than the lower bound in Theorem [H As a 
corollary we obtain the order of magnitude of the cardinality of Fii{k + 1) for every fixed 
k>2. 

Corollary 2. Let k > 2. For every R> 3 we have that 

D2k+2 

\FRik + l)\ 



(log Rf^^p\\0g\0g i?)3/2 

Proof. In Corollary 2 in [11] it was shown that 

(b 

Fni^k + 1) = < - :1 < 6 < r, (6, r) = 1, r = ri ■ ■ ■ r^+i, 



<Ril<i<k + l), {ri,rj) = 1 (1 < i < j < A; + 1)|. 



Therefore if we set 

£^k+i{N) = {ni ■ ■ ■ Uk+i -.riiKN {l<i<k + l)} 
so that Ak+i{N) = \s^k+i{N)\, then 

D2fc+2 

(1.2) |F^,(A: + 1)|< ^ 0(r) < i?^+^A,+i(i?) «, — — 

re.t^.iR) (logi?)«(^)(loglogi?)3/2 

by Corollary [U Moreover, 

rei4+i(iJ) re.c4+i(R) 

(1.3) 



(l0gi?)^(T^)(l0gl0gi?)3/2' 

by Theorem [21 Combine inequalities f ll.2p and f ll.3p to complete the proof. □ 

Heuristic argument. We now present a heuristic argument for Theorem [T], first given 
by Ford [5J for the case k = 1. Before we start developing the heuristic we introduce some 
notation. For a G N set 

rfc+i(a) = \{{di, ...,dk) : di--- 4|a}|, 
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£('=+i)(a) ={y e : r,+i(a, (e^\ . . . , e^'=), 2(e^S . . . ,6^^'=)) > 1} 
= U [log(rfi/2),logc?i)x---x[log(4/2),log4), 

di---dk\a 

and 

L('^+i)(a) = Vol(£(*=+i)(«)), 
where "Vol" is here the fc-dimensional Lebesgue measure. Assume now that logyi, . . . , \ogyk 
have the same order of magnitude. Let n G N. Write n = ab, where 

a= l[ p\ 

p'^\\n,p<2yi 

For simphcity assume that a is square-free and that a < yf for some large constant C. 
Consider the set 

Dk+i{a) = {(logfii, . . . ,log4) : di---4|a}. 
If Z^fc+i(a) was well-distributed in [O,loga]*^, then we would expect that 

(log 2)'= (k + l)^^"^ 



n+i {a, y, 2?/) ^ Tfe+i (a 1 ^ — ^ 



log log yi 
logp 



(loga)'^ (log?/i)'= 
0(1). We expect that 
X (log log yi)'' 



which is > 1 when u{a) > m : 

\{n < X : u(a) = r}\ 

log 1/1 r! 

(for the upper bound see Theorem 08 in [lO]). Therefore, heuristically, we should have 

i/"=-"(x. y, 2!/) « ^ E X -^^ 

logSi^;; r\ (log!,i)*''^'(loglogi/i)5 

Comparing the above estimate with Theorem [1] we see that we are off by a factor of log log yi. 
The problem arises from the fact that Dk+i{a) is usually not well-distributed, but it has many 
clumps. A way to measure this is the quantity L^''~^^\a) defined above. Consider n with 
coi^a) = m and write a = pi ■ ■ - pm with pi < ■ ■ ■ < pm- We expect that the primes pi, . . . ,pm 
are uniformly distributed on a log log scale (see chapter 1 of [lOj), that is 

.loglogyi 

loglogpj ~ J = jlogp + 0(l). 

m 

But, by the Law of the Iterated Logarithm (see Theorem 11 in [lOj), we expect deviations 
from the mean value of the order of -y/log log yi. In particular, with probability tending to 1 
there is a j such that 

log log < j logp - ^log logyi. 
The elements of Dk+i{a) live in {k + 1)™-^-^ translates of the set Dk+i{pi ■ ■ -pj)- Therefore 



L('=+i)(a) < (A; + l)™-^L('=+i)(j9i---p,) < (A; + ir exp{-A;^loglogyi}, 

which is much less than Tk^i{a) = {k + 1)™. So we must focus on abnormal numbers n for 
which 

loglogpj > j logp — 0(1) (1 < j < m). 
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The probability that an n has this property is about ^ (Ford, [S]). Thus we are led to the 
refined estimate that 



X 



(log yi)'^^'°sp)(log log 7/1)2 



which turns out to be the correct one. It is worthwhile noticing here that the exponent 3/2 
of loglog?/i appears for the same reason for all k. 

The proof of the upper bound in Theorem [1] is a generalization of the methods used in 
[5] and [6]. However, the methods used in these papers to get the lower bound fail when 
A; > 3. To illustrate what we mean we first make some definitions. For u = {ui, . . . , Uk) set 
e" = (e"i e'^O. Also, let 



Mp{a) = I Tk+i{a,e^,2e''fdu. 



For d = (di, . . . , dk) let Xd be the characteristic function of the fc- dimensional cube [log ^5 l^S '^1) ^ 



X [log ^, logdfc) and observe that 



= y2 I ( y2 Xd{u)Xe{u)Y du 
:i.4) - Xd{u)\{e:ei---ek\a,\\og{di/ei)\<log2{l<i<k)}\^^'du 



J2 l{e : ei---ek\a,\log{di/ei)\ < log2 (1 < z < k)}\P-\ 



dl■■■d^:\a 



In particular, 
and 



Ml (a) ^ Tk+i{a) 



M2{a) ^ \{{d,e) : di ■ ■ ■ dk\a,ei ■ ■ ■ ek\a,\log{ei/di)\ < log2 (1 < z < k)}\. 

The main argument in [6] uses the first and second moments Mi (a) and M2(a), respectively, 
to bound L^^) (a) from below. However, when > 3, M2(a) is too large and the method breaks 
down. This forces us to consider p-th moments for p G (l? 2). The problem is that, whereas 
Ml (a) and M2(a) have a straightforward combinatorial interpretation, as noticed above, 
Mp(a) does not. In a sense, the first moment counts points in the space and the second 
moment counts pairs of points. So philosophically speaking, for p G (1,2) Mp{a) counts 
something between single points and pairs (this is captured by the fractional exponent p — 1 
in the right hand side of (11.41) ). To deal with this obstruction we apply Holder's inequality 
in a way that allows us to continue using combinatorial arguments. 

Acknowledgements. The author would like to thank his advisor Kevin Ford for constant 
guidance and support and for pointing out paper [llj, as well as for discussions that led to 
a simplification of the proof of Lemma 12.11 
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2. Preliminary Results 

Notation. Let u{n) denote the number of distinct prime factors of n. Let P^{n) and 
P^{n) be the largest and smallest prime factors of n, respectively. Adopt the notational 
conventions -P'^(l) = and -P^(l) = oo. For 1 < y < x we use the standard notation 
0^{y,x) = {n G N : p\n =^ y < p < x}. Finally, constants implied by ^ and x might 
depend on several parameters, which will always be specified by a subscript. 

We need some results from number theory and analysis. We start with a sieve estimate. 
Lemma 2.1. We have that 

(2.1) \{n <x : p-{n) > z}\ {1 < z < x) 

and 

(bin) X 
— > — 
n log z 



(2.2) ^ > {2<2z< x). 



X /2<n<x ,fi^ {n)=l 
P-(n)>z 

Proof. Inequality (12. ip is a standard application of sieve methods (see Theorem 06 in [10] or 
Theorem 8.4 in [H]). By similar methods we may also show that 

(2.3) \{x/2 <n<x: n^in) = 1, p-(n) > ^}| > 7^ (2 < 2z < x). 

log z 

Moreover, by Theorem 01 in [TU] we have that 

\ ^ n X 



n<x 
P~{n)>z 

A simple application of the Cauchy-Schwarz inequality completes the proof of (12. 2p . □ 



Moreover, we need the following estimates for certain averages of arithmetic functions that 
satisfy a growth condition of multiplicative nature. 

Lemma 2.2. Let / : N — )■ [0, +00) be an arithmetic function. Assume that there exists a 
constant Cf depending only on f such that f{ap) < Cff{a) for a// a G N and all primes p 
with {a,p) = 1. 

(a) For 3/2 < y < X and n & N we have that 

a(^,0^{y,x) aG,0^(y,x) 
^l^{a)=l /i^(a)=l 

where c is a constant depending only on Cf. 

(b) LetAeR and 3/2<y<x<z^ for some C > 0. Then 



ae^(j/,x) ae.^{y,x) 
/i^(a)=l,a>2 /i^{a)=l 
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(c) Let 3/2 < y < X, h > and e > 0. Then 

/(a) 1 1 /(a) 

.,1^,.) ^log\PHa)+x^/a) ^^'-''^ (i^ ^^1^^^^ 

Proof, (a) We claim that for all n > and every number a; > 0, 

m=0 ^ ^ j=0 i=l 

Observe that each side of (12.41) is a polynomial of degree n in x. Therefore it suffices to 
compare the coefficients of x** of the two sides. Note that the coefficient of x"^ of the right 
hand side of (12.41) is equal to 



(2-5) ^ E 



2n-r ^ l\---ln-T-, 

l<il<---<i„-r<n 

where the sum is interpreted to be 1 if r = n. For each summand ii ■ ■ ■ in-r in the above ex- 
pression there is a unique s G {0, 1, . . . , n—r} so that in-r = in-r-i = n—1, . . . , in-r-s+i = 
n — s + 1 and in-r-s < n — s. So 

n—r 

(2.6) E ii ■ ■ -i^-r = ^^(n - 1) ■ ■ ■ (n - s + 1) E ii---in-r-s- 

l<ii<---<i„_r<n s=0 l<ii<---<in— r-s<'^— .5 

But the coefficient of x^ of the left hand side of (12.41) is equal to 

m=r ^ ' l<il<---<im-r<m— 1 

s=0 ^ ' l<ii<---<j,j_r_s<n— s 



l<ii<---<i„~r~3<n 



n—r / J 



l<ii <---<j„_r<'^ 

by fl2l6|) and the inequality 2^* < (s + 1)! for s G N U {0}. This shows ([Ml). Also, for every 
r > Mertens's estimate on the sum X]p<t ^^"^ partial summation imply that 

V • / p r + 1 r + 1 

p<x 
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Call Ci the implied constant in the above inequality. We shall prove the lemma with c = ciCf. 
In fact, we are going to prove that 

for all n > 0. We argue inductively. If = 0, it is clear that (12. 8 p is true. Fix now n > 
and suppose that ( 12. 8 p holds for all m < n. Then 

^ /(a)(loga)"+^ _ ^ MM^^logp 

aS:£^{y,x) aS:^{y,x) p\a 

= 2^ ^ 2^ -^(log6 + logp) 

y<p<x ^ be.^{y,x) 



< 



p<x ^ b&£S^{y,x) m=0 
|.2{b) = l 



,m/ ^-^ p ^ b 

m=0 ^ ' p<x b£.'3^{y,x) 

So, by the induction hypothesis, fl2.4p and fl2.7p . we find that 

/(a)(logar+i ^^fn\ 1 f^V ^^ /(a) 



At2(a)=l Ai^(ct)=l 



<c(iogx + irin(^+i) E 



a 

M2(a)=l 



This completes the inductive step and thus the proof of (12.81) . Finally, observe that 

n-l 

n(^+ 



" ^ i\ _ I r(2c + n) _ n^'^-^n! 

2) ~ 2" r(2c) 2*^ ^ 



by Striling's formula. 
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(b) By part (a) we have that 

/(a) /(g) 1 (log a)" 

Qi-i/(2iogx) Q ^n!(21ogx)" 

/i2(a)=l M^(a)=l 



(2.9) ^^^/Z^^V'-^to^ 

n=0 ° ae,32(i/,x) 

/i2(a)=l 



a 



a 



(2.10) 



for all X > 3/2, since 1 + iog{3/2) ^ Thus we have 

jj?(a)=l,a>z fi^{bp)=l,b>z/p 

Z^ p Pi 21ogp / ^ 51-l/(21ogp) 

p<min{2:,2;} b^-'^iVyP) 

m2(6)=1 

(logp)^ y- /(^ 

min{3S',z}<p<x' b(^,'^{y,x) 
/.2(fe) = l 

f ^ a \ p I 21ogpJ ^ j9 

aG,0^{y,x) p<.mm{x,z} mm{x, z}<p<.x 

by (12. 9p . Moreover, if 2; < x, then 

(2.11) 5^ M^<eV2 5^ ^^exp^ 



■ S ^ P ■ IX^ <r P ^ 2\0gp 

mm{x, z}<p<x mm{x, z\<p<x 

On the other hand, if z > x, then both sides of (12.111) are equal to zero. In any case, 
(12. lip holds. Combining this with (I2.10p we find that 

a ' ^-^ a ^-^ p I 2 logo J 

a(^^{y,x) a&ff>(y,x) p<x 

fj?(a)=l,a>z ^P{a)=l 

So it suffices to show that 

2.12 ^'■=1^ ^^Pl ^71 f<Acexp<^-— \{logx) . 

^-^ p 12 log pJ 12 log X ) 

p<x 
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Set /i = exp{2^}. Note that > e^/^^c) > i_ r^j^^g ^ > ^qq j^^^g ^j^^^^ 
5< y y ^^ + exp|-^^| V 



°^ 1 lo ^ 

<^ (log x)^ V „ + expj- (log x) 1^1/2 log log 

u"n^+^ L 2vloga;J 

ra=l * " 

/, \/4 f log-2 

<A,c (logx) exp|- 



2 logx 

which completes the proof of part (b). 
(c) Write 

/(a 



where 



y — j—^ =T,+T,, 



sr^ fio) , ^ \ - fia 

Ti= > r — and T2 = > ^ 



, alog''(P+(a) + xVa) ^ ^ aXo^iP'^id) ^ I a) 

Then clearly 

fia) 



a 

as well as 



T2< y ^log-'^(P+(a))«c,,v(logx)-'^ ^ 



a " ■ J ■ ' ■ c — ^ ' 

At2(a)=l,a>x^/2 ti?-{a)=\ 

by part (b), and the desired result follows. □ 

Finally, we need a covering lemma which is a slightly different version of Lemma 3.15 in 
If r is a positive real number and / is a fc-dimensional rectangle, then we denote with 
rl the rectangle which has the same center with / and r times its diameter. More formally, 
if is the center of /, then rl := {rix — Xq) + : a; G /}. The lemma is then formulated 
as follows. 

Lemma 2.3. Let Ii, be k-dimensional cubes of the form [ai,bi)x- ■ -xlakjbk) (61— Oi = 
■ ■ ■ = bk — Ok > 0) . Then there exists a sub- collection Jj^, . . . , /j^^ of mutually disjoint cubes 
such that 

N M 
71=1 m=l 
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Remark 2.1. The above lemma is very useful in the following sense. If A = [jf^i li C M*^ 
with li as in Lemma 12. 3[ then in order to control a sum of the form 

{iogpi,...,iogpfc)eA 

Pj prime 

it suffices to estimate sums of the form 
which are much easier to handle. 



3. Lower bounds 
Before we launch into the lower bounds proof we list some inequalities about 
Lemma 3.1. (a) L(*-'+^)(a) < min{rfe+i(a)(log 2)^ (loga + log2)^'}. 

(b) //(a, 6) = 1, then L^^+^\ah) < Tk+iia)L^^+^\b) . 

(c) If pi, . . . ,Pm are distinct prime numbers, then 

L^'^'\pi ■■■Pm)< min {{k + l)™-^(log(pi ■ ■ -p,) + log 2)'=}. 

l<jr<m 

Proof. The proof is very similar to the proof of Lemma 3.1 in fS]. □ 

For the rest of this section we assume that yi > Ci, where Ci is a large enough positive 
constant, possibly depending on k,S and c; for if yi < Ci, then H^''^^\x,y,2y) x and 
Theorem [2] follows immediately. The value of the constant Ci will not be specified, but it 
can be computed effectively if one goes through the proof. 

We now prove the following lemma which is the starting point to obtain a lower bound 
for H^''~^^\x,y,2y). Note that it is similar to Lemma 2.1 in [5] and Lemma 4.1 in [6]. 

Lemma 3.2. Let k>l,0<6<l and c > 1. Then for a; > 1 and 3 < yi < ?/2 < ■ ■ ■ < 

Uk < Vi with 2^'^'^yi ■ ■ ■ Vk x/yf we have that 

(3.1) S<*«.(,,^,2^)»„„^L_ J2 M^!^. 

^2(a)=l 

Proof. Set x' = x/ (2'^+^j/i ■ ■ - yk)- Consider squarefree integers n = api ■ ■ ■ p^b G (x/2, x] such 
that 

(1) a < y'A 

(2) pi, . . . ,Pk are distinct prime numbers with (log(j/i/pi), . . . ,\og{yk/pk)) G C^''~^^\a); 

(3) P^{b) > y^Y^ and b has at most one prime factor in [y^^ , '^Vi]- 
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Condition (2) is equivalent to the existence of positive integers di, . . . ,dk such that di - ■ -dkla 
and Ui/pi < di < 2yi/pi, i = 1, . . . k. In particular, Tk+i{n, y, 2y) > 1. Furthermore, 

a di di 

Hence this representation ofn, if it exists, is unique up to a possible permutation of pi, . . . , 
and the prime factors of b lying in {yl^'^,2yf\. Since b has at most one prime factor in 
{yf^"^, 2yl], n has a bounded number of such representations. Fix a and pi, . . . and note 
that 

(3.2) X := > -— ^ > 2yf\ 

Therefore 

^ b -2\ ^ b ^ ^ p J ^''logyi' 

b admissible ^ X/2<b<X X/2<p<X ^ ^ 

P-{b)>2yl,^?(h)=l P^{pi,-,Pfc} 

by (13. 2p . Lemma [2. II and the Prime Number Theorem. Hence 

/i^(a)=l pi,...,pi^ distinct 

Fix a < yl^'^. Let {Ir}fLi be the collection of cubes [log((ii/2), logrfi) x ■ ■ ■ x [\og{dk/2), logdk) 
for di ■ ■ -c/fcla. Then for I = [log((ii/2), logrfi) x • • • x [log((ifc/2), logrffc) in this collection we 
have 



pi ■ ■ - pi ^ pf log(max|2, 2%/(ij|) 

1 



log?/i---logyfc 
because (i|a implies that d < y^-l^ . Similarly, 

pi,...,Pk not distinct 

1 1 

j/i/s log . . . log yk ■ 

Thus 

■ ■ ■ (j){pk) 



E VVPi) ■ ■ ■ VKPk) ^ ^ ^ 



„ ,1 , log?/i---log?/fc ' (logyi) 

(iog^,...,iog||)e/ 

pi,.--,Pfc distinct 
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provided that Ci is large enough. By Lemma [231 there exists a sub- collection {J,,^}f^^ of 
mutually disjoint cubes such that 



5 R 

5(log2)^ = Vol(U/..) > ^Vol(U/r 



3fc \KJ V 3fc 

s=l r=l 



Hence 

s 



n vi , yk,r(k+i)r^ pI---pI T^in .1 , pI---pI ' (logl/i)^ 

(log^,...,log|t)G£('=+i)(a) s-i- (log|l,...,log|^)e/r, 
pi,.--,Pfc distinct pi,...,Pi. distinct 

which together with (13. 3 p implies that 
(3.4) J2 



(log?/i)^+i a a 



, S/i 
a.<yi 

Note that the arithmetic function a — > L^^^^\a)(j){a) / a satisfies the hypothesis of Lemma 
I2.2l with = A; + 1, by Lemma [3.1( b). Hence if M = M{k) is sufficiently large, then 

^ 0(a)L(^'+i)(a) ^ 0(a)L(^'+i)(a) 
^ a a ~ ^ a a 

a<yT P+(a)<S/J/" 



J2 M^^!!!M(i + o.(e--/«)) 



a a 
^ _ ^ , 0(a) ^(^=+1) (a) 



2 a a 

M2(a)=l 



by Lemma 12.2( b). So 



0(a)L(^'+i)(a) ^ 0(ai)L(^+^)(ai) rfc+i(a2)0(a2) 

/^'W=l pi'^{a^)=l I?{a2)=l 

<2 y 0(ai)i>(^+^^(ai) i-r / ^ (fc + l)(p-l) 

ai<yi ?/i <P<J/i 

p2(ai)=l 

^ 0(aO L(^+^)(aO 
ai ai 

^ 5/4 ^ 
ai<?;i 

Ai2(ai)=l 
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where we used Lemma ISTlT b). Inserting the above estimate into (13.41) completes the proof. 

□ 

Given P G (1, +oo) and a G N set 



0,4 



< log2 {l<i< A;)| 



W^r+i(a)= J2 \{id\,...,d',)eN':d[...d',\a, 

di---dh\a 

Lemma 3.3. Let A be a finite set of positive integers and P G (1, +oo). Then 



p-i 



(lo 



tit^ 

Proof. For d = (rfi, . . . , d/c) G M'^ let be the characteristic function of the /c- dimensional 
cube [log((ii/2), logdi) x ■ ■ ■ x [log((ifc/2), logrffc). Then it is easy to see that 

di---dk\a 

for all a G N, where e"" = (e"S . . . , e"*^) for u = (ui, . . . , Uk) G M'^. Hence 

/ r,+i(a,e'^,2e")rfu = r,+i(a)(log2)'= 
and a double application of Holder's inequality yield: 



(3.5) (log2)'=5^^^ < n^i{a,e-,2e-rdu 



i/p 



E 



Finally, note that 



E 



ri+i(a,e",2e")''-' 



E ( E 



<log di < «i +log 2 
l<i<fc 



1 



di---dk\a d'^---d'f,\a 
Ui<log di <Ui+log 2 Ui <log d'. <Mi +log 2 



P-1 



l<i<fc 



< 



E 

di---dk\a 

%di<Ui- 
l<i<k 



Ui<\ogdi<Ui+log2 I log((i^/(iJ|<log2 



E 1 

d',-d'^\a 

. )l 
l<i<fc 



P-1 



T{a, e", 2e 



1 



■du< j: ( 5: 

di---df^\a d'^---d'i_\a 

|log(d^M)|<log2 
l<j<fc 



P-1 



Xd(n)rftt=(log2)X+i( 



which together with (13. 5p completes the proof of the lemma. 
Our next goal is to estimate 

n 



□ 
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for suitably chosen sets A. This will be done in Lemmas I3.5[ 13.61 and 13.81 First, we introduce 
some notation. 

We generalize the construction of a sequence of primes Ai, A2, ... found in [5] and [6]. Set 
Aq = min{p prime : p > k + 1} — 1. Then define inductively Xj as the largest prime such 
that 

(3.6) V -<logp. 

^-^ p 

\j-i<p<Xj 

Note that 1/ (Ao + 1) < l/{k + l) < log p because (k + l) logp = log(A; + 1) is an increasing 
function of k and log 4 > 1. Thus the sequence {Ajj^^ is well-defined. Set 

Dj = {p prime : Aj_i < p < Xj} 
and log Xj = p^^ for all j G N. Then we have the following lemma. 
Lemma 3.4. There exists a constant ik such that 

P,=j + ik + Ok{p-n (jeN). 

In particular, there exists a positive integer Lk such that 

\l^j-j\<Lk (jGN). 

Proof. By the Prime Number Theorem with de la Valee Poussin error term [U p. Ill], there 
exists some positive constant ci such that 

(3.7) log2 A, - log2 A,_i = logp + o(e-'=Vi°g^.-) 

for all j G N. In addition, Xj — t- 00 as j — t- 00, by construction. So if we fix p' G (l,p), then 
(13. 7p implies that 



log Xj 



log Aj_i 

for sufficiently large j, which in turn implies that that the series converges. 
Thus, telescoping the summation of (13. 7p yields that pj = j + Ok{l), and hence log Aj p' . 
Summing (13. 7p again, this time for j = r + 1, . . . , s, we get that 

Ps- Pv = s-r + Okip"'). 

Hence {pj — j} is a Cauchy sequence and so it converges, say to i^. Finally, letting s — )■ 00 
gives us the desired result. □ 

For G N let 

^^ = {(ri,...,n) c{i,...,i?},F,nr, = 0ifz^j}. 

Also, for 1^ = (yi, . . . , Yk) e^RandI={h,..., h) G {0, 1, . . . , set 

k k 

Mr{Y- I) = I |(Zi, . . . , Zfc) G : U (Z, n (/„ R]) = \J {Yr H (/„ R]) (1 < j < A;)} 

r=j r=j 

For b = (61, ... , bn) G (N U {0})^ let A{b) be the set of square-free integers composed of 
exactly bj prime factors from Dj for each j. Set B = 61 + ■ ■ Bq = and Bi = bi + - ■ ■+bi 
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for al\i = 1,...,H. For / G {0, 1, . . . , B} define Ebil) by < / < 5^,(7) if / > 

and set Eh{I) = if / = 0. Lastly, for {Xj}j^j a family of sets define 

U{{Xj ■.jeJ}) = {xe\Jx,:\{teJ:xe x,}\ = i}. 

In particular, 

W({Xi,X2})=XiAX2, 
the symmetric difference of Xi and X2, and 

W(0) = 0. 

Remark 3.1. Assume that Yi, . . . , F„ and Zi, . . . , Zn satisfy Yi HYj = Zi n Zj = for z 7^ j. 
Then the condition 

U{{YjAZj : 1 < J < n}) = 

is equivalent to 

n n 

Lemma 3.5. Letk>l,Pe (1, 2] and b = {bi, . . . , hn) G (N U {0})^. T/ien 

a(iA(b) ^' ^' 0<h,...,Ik<B j=l Y&3»B 

Proof. Let a = pi ■ ■ ■ pb G ^(b), where 

(3.8) G A (i<^<//), 

and the primes in each interval Dj for j = 1, . . . ,H are unordered. Observe that, since 
Pi- ■ - PB is square-free and has precisely B prime factors, the A;-tuples (rfi, . . . , dk) G N''' with 
di - ■ ■ dk\pi ■ ■ -pB are in one to one correspondence with A;-tuples (Yi, . . . , Y^) G ^^b] this 
correspondence is given by 

dj = \{p^ {l<3<k). 
Using this observation twice we find that 



W[^M ■■■Pb)= I ■■■,<) eN':d[--- 4,., 

{Yi,...,Yk)e.g^B 

|log4 - 2_^logpi < log2 (1 < j < k)j 



p-i 



= E ( E 

(Y^,...,Yk)(i.9>B (Zr,...,Zk)(ii^B 

where for two fc-tuples (Yi, . . . , Y^) and {Zi, . . . , Zk) in condition (13.91) is defined by 
(3.9) -log2<^logp,-5^1ogp, <log2 (1<J<A;). 
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Moreover, every integer a G A{b) has exactly 61! ■■■6//! representations of the form a = 
Pi ■ ■ -PB, corresponding to the possible permutations of the primes pi, . . . ,Pb under condition 
dilD. Thus 

^ a 61! ■■■6^! ^ Pi-'-PB ^ ^ ^ 



< 



&i! ■ ■ ■ ^Y^^...,Yk)&^B Pi-^fl PI---PB ■^z^,...,z,)e.^B 

1 ^ . X2-P 



1 13. 81 1 



by Holder's inequality if P < 2 and trivially if P = 2. Observe that 

E ^— <n(E-)''s(iogp)'', 



by (13. 6p . Consequently, 



p-i 



y- w^iM < y- 1^ y- 1 y- ^ 

(3.10) ^ ^ 

^(logp)(^ ^ / ^ ^ 1 

Next, we fix (Yi, . . . , Y^) E and {Zi, . . . , Z^) G and proceed to the estimation of the 
sum 

E — ■ 

Note that (13.91) is equivalent to 

(3.11) - log2 < \ogpi - \ogpi < log2 (1 < J < k). 

Conditions (13. lip . 1 < j < fc, are a system of k inequalities. For every j G {1, . . . , A;} and 
every Ij G Yj/\Zj (13.110 implies that pi. G [Xj,4Xj], where Xj is a constant depending only 
on the primes pi for i G Yj/\Zj \ {Ij}. In order to exploit this simple observation to its 
full potential we need to choose Ii, . . . ,Ik as large as possible. After this is done, we fix the 
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primes pj for i G {1, . . . , B}\{Ii, . . . , Ik} and estimate the sum over pi-^, . . . ,pi^. The obvious 
choice is to set Ij = maxYjAZj, 1 < j < k. However, in this case the indices Ji, . . . , and 
the numbers Xi, . . . ,Xk might be interdependent in a comphcated way, which would make 
the estimation of the sum over p/^ , . . . , p/^. very hard. So it is important to choose large 
/i, . . . , Jfe for which at the same time the dependence of Xi, . . . , X^ is simple enough to allow 
the estimation of the sum over p/^, . . . What we will do is to construct large Ji, . . . , 
such that if we fix the primes pi for i G {1, . . . , B} \ {/i, . . . , Ik}, then (13.111) becomes a hnear 
system of inequalities with respect to logp/^, . . . , logp/^, that corresponds to a triangular 
matrix and hence is easily solvable (actually, we have to be slightly more careful, but this is 
the main idea). 

Define Ii, . . . ,Ik and mi, . . . , rrik with Jj G (y^i AZ^J U {0} for alH G {1, . . . , k} induc- 
tively, as follows. Let 

h = max{W(FiAZi, . . . , ^ AZ^) U {0}}. 

If Ji = 0, set nil = 1. Else, define mi to be the unique element of {l,...,k} so that 
Ii G Ym^AZmi- Assume we have defined Ji, . . . , Jj and mi, . . . , mj for some z G {1, . . . , fc — 1} 
with Ir G (Ym^AZm^) U {0} for T = 1, . . . , z. Then set 

h+i=max{U{{Y,AZ,:j G {1, . . . , A;} \ {mi, . . . , m^}}) U {0}}. 

If Jj+i = 0, set mj+i = min{{l, . . . , A;} \ {mi, . . . ,mj}}. Otherwise, define mj+i to be the 
unique element of {1, . . . , A;} \ {mi, . . . , rrii} such that Jj+i G Fmi+i AZm^+j. This completes 
the inductive step. Let {I < j < k : Ij > 0} = {ji, ■ ■ ■ , jn}, where ji < ■■■ < jn and 
put ^ = {rrij^ : 1 < r < n}. Notice that, by construction, we have that {mi, . . . ,mk} = 
{1, . . . ,k} and Ij^ ^ Ij^ for 1 < r < s < n. 

Fix the primes pj for i G X = {1, . . . , B} \ {/j^, . . . , Ij^}. By the definition of the indices 
Ii, . . . ,Ik, for every r G {1, . . . , ra} the prime number pj^^ appears in (I3.1ip for j = rrij^, but 
does not appear in (13. lip for j G {m^-^^j, . . . , rrij^}. So (13. IIP , j G is a linear system with 
respect to logpj.^, . . . ,\ogpi.^ corresponding to a triangular matrix (up to a permutation 
of its rows) and a straightforward manipulation of its rows implies that pj.^ G [1^,4*^^], 
1 < r < n, for some numbers Vr that depend only on the primes pi for i G X and the fc-tuples 
(Yi, . . . , Yfc) and (Zi, . . . , Zk), which we have fixed. Therefore 



r=l 



and consequently 



pi,...,PB r=l p^idXi&P'- j=l 
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by (13. 6p . Inserting the above estimate into (13.101) we deduce that 

(3,12) j2 ( E np— 

Next, observe that the definition of Ji, . . . , Jfc imphes that 

{I„B] n W({F™,AZ„, : J < r < A;}) = (1 < j < A;) 

or, equivalently, 

k k 

\J{z^^ n (J„s]) = \J{Y^^ n {i„B]) (1 < J < A;), 

r=j r=j 

by Remark 13.11 Hence for fixed (Fi, . . . , F^) G Ji, . . . , G {0, 1, . . . , 5} and m = 

(mi, . . . , nik) with {mi, . . . , nik} = {1, . . . , k}, the number of admissible fc-tuples {Zi, . . . , Zk) G 
is at most MsiYm] I), where Ym = {Ym^, ■ ■ ■ , F^j.), which together with (I3.12p yields 

that 

E^«';^E( E E^^^(>'^;^)rIp-'''^■ 

aey4(f)) ^' Ve^s 0<h,...,Ik<B m j=l 

So, by the inequality inequality (a + 6)''^^^ < a^'^^^ + b^^^ for a > and b > 0, which holds 
precisely when 1 < P < 2, we find that 

E^«^i^E E ]!(/-)-"■' E 

aeA{b) m 0<Iu...,Ik<B j=l Ye.9>B 

Finally, note that 

E {M,iY^;I)y-'= Y: {MBiY-I)Y-' 

for every m = (mi, . . . , m^) with {mi, . . . , rrik} = {1, . . . , k}, which completes the proof of 
the lemma. □ 

Lemma 3.6. Let P G (1, +oo) and < Ii, . . . , Ik < B so that 1^(1) < ■ ■ ■ < Ic7(k) for some 
permutation a E Sk- Then 

k 



' ]-l + {k-j + 2Y \ i.u) 



Y: {Ms{Y;I)f-'<{k + irl[[^ 



Proof. First, we calculate MeiY; I) for fixed Y = {Yi, . . . ,Yk) e S^b- Set Jq = 0, 4+i = 5, 
ct(0) = 0, a(fc + 1) = + 1 and 

A/;- = (/.(,), /^(,+i)] n {1, . . . , 5} (0 < J < A:). 

In addition, put 



k 

ro = {i,...,5}\U^. 
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as well as 

(3.13) = Yj n Afi and yij = \YiJ {0<i<k, 0<j<k). 
A A;-tuple {Zi, . . . , Z^) G is counted by Mb{Y] I) if, and only if, 

k k 

(3.14) [j{Zrn{I„B]) = [j{Yrn{I„B]) {l<j<k). 

r=j r=j 

If we set 



k 

Zo = {l,...,B}\[jZ, 

i=i 

and 

Zij = ZjnAfi {0<i<k, 0<j <k), 
then (13.141) is equivalent to 

k k 

(3.15) U Z,^r = U Yi^r {0<t<k,0<j< t). 

r=a(j) r=a{j) 

For every z G {0, 1, . . . , fc} let 

X. : {0, 1, . . . , z + 1} ^ {a(0), a(l), . . . , a(0, (t(A; + 1)} 

be the bijection uniquely determined by the property that Xi(0) < ■ ■ ■ < Xj(^ + !)• So the 
sequence Xi(0)' ■ • • ' Xi(^ + 1) is the sequence cr(0), cr(l), . . . , cr{i), a{k + l) ordered increasingly. 
In particular, Xj(0) = cr(0) = and Xi(^ + 1) = cr(A; + 1) = A; + 1. With this notation 
( 13.15P becomes 

A; 

U Zi,, = U y^,, (0 < z < A;, < J < 0, 

r=XiU) r=Xi(j) 

which is equivalent to 

x«(i+i)-i x«(i+i)-i 

U Zi,r = [j Yi,, {0<t<k, 0<J <t). 
r=XiU) r=Xi{j) 

For each i G {0, 1, . . . ,k} let Mj denote the total number of mutually disjoint [k + l)-tuples 
{Zifi, Zi^i, . . . , Zi^k) such that 

x>(i+i)-i Xi(j+i)-i 

U z,,, = IJ r,,, (o<j<z). 

r=XiU) r=Xi{j) 

Then 

(3.16) Ms(r;/) = J]M,. 

j=0 
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Moreover, it is immediate from the definition of Mj that 

i 

j=0 

Set f jj+i = XiU + 1) ~ XiU) j G {0, . . . , i}. Note that f j^i + ■ ■ ■ + f = + 1 and that 
Wjj+i > 1 for all j G {0, . . . , i}. Let 

x«(i+i)-i 

(3.17) W^ij= U Fi,,, Wi,,- = (0<j<z). 

'•=Xi(i) 

With this notation we have that 

i 

(3.18) M, = n<;^i (0<^</c). 

j=0 

Inserting fl3.18p into fl3.16p we deduce that 

k i 

(3.19) Ms{Y;I) = l[l[v:. 
Therefore 



j+i- 

i=0 j=0 



S:=j:{MsiY;I)f-' = fl fl(.£^;r-, 

where the sets Yij are defined by (13.131) . Next, we calculate S. Fix i G {1, . . . ,k}. Given 
Wj 0; • • • ; Wi^i, a partition of A/i, the number of Yi^o, . . . , Yi^^ satisfying (I3.17P is 

flte(j + i)-x.(j))i^-| = fl<;ti- 

j=0 j=0 

Hence 

E ri«>ir'^= E flK.>ir- = «i + ---+<m)'^^'> 

by the multinomial theorem. So 

^ = ri«i + ■ ■ ■ + = n«i + ■ ■ ■ + <.^.i)^^'-^'-^^'''- 

i=0 j=0 

Finally, recall that f j^i + ■ ■ ■ + Vj^j+i = + 1 as well as Vij+i > 1 for all < j < z < k, and 
note that 



7=1 7 = 1 J 



max 
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since the maximum of a convex function in a simplex occurs at its vertices. Hence we 
conclude that 

which completes the proof of the lemma. □ 
Set 

F = mm< 2, 



(fc + l)2(logp)2-l 

fc 

I3.6l can be applied. Moreover, for our choice of P the following crucial inequality holds 



Since {k + 1) log p = log(/c + 1) > 1, we have that 1 < P < 2 and thus Lemmas 13.51 and 



Lemma 3.7. Let k > 1 and P defined as above. Then 

A; + 1 \r J V _ _ / 

Proof. Set 

/(x) = (A: + l){p^~'y + x-{x + lf -k, xe [0, A;]. 

It suffices to show that f{x) > for 1 < x < k — 1. Observe that /(O) = f{k) = 0. Moreover, 
since 1 < P < 2, f"'{x) > for all x. Hence /" is strictly increasing. Note that 

fik) = (P - l)^(logp)2(A; + 1)^ - P(P - 1)(A; + 1)^-^ < 0, 

by our choice of P. Hence f"{x) < for a; G (0, k), that is / is a concave function and thus 
it is positive for x E {0,k). □ 

Let B be the set of vectors . . . , bn) such that Bi < i for alH G {1, . . . , H}. Moreover, 
set 

kP + 1 

Lemma 3.8. Let k > 1 and b = . . . , b^) G B. Then 



^ w^iM^^ ((fc + i)iogp)^ /. , ^ 



Proof. Set 

ti = il<t<k + l). 
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Then Lemmas 13.51 and 13.61 imply that 

k 



((fc+l)l0gp)^ J^^^p_i^_j;,(j,)/ tj \I. 

a&A{b) " 0<Ii<-<Ik<B j=l 



(3.20) 



Oi ! ■ ■ ■ Off! ^-^ 

0=jo<ji<-<jk<H 



X 



n E 



2=1 s,. , <u<Bt 

Jl—l —I-— Jt 



0<Ji<---<jfc<J? «=i 



since ti > ■ ■ ■ > > t^+i = 1- Moreover, 



since b E B. Thus, by setting ri = ji and rj = jj — for i = 2, . . . , fc, we deduce that 

ri(p'--')-"(j^)''" < (p'--')-'-*-*-(^i)""4'ri4 



^=l ^^+1' "''2^ ^=2 



i=2 



since p^^ = ti and ti/t2 = A. Consequently, 



0<ii<-<ife<H i=l ' ri+-+rfc<// i=2 '^'^ 

n>0 il<i<k) 



(3.21) < J2 ^"" ' "H 



(^P-l)k-i+l 
0<ri<H i=2 ' 

l<i<k 



H 

ri 



«. ^""^ 



ri=0 



since U < {p^ for i = 2, . . . , by Lemma [3171 Inserting (13.211) into (I3.20p completes 

the proof of the lemma. □ 
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We will now use Lemmas 13.21 13.3l and l3.8l to bound H^'''^^\x,y,2y) from below. Recall, 
from the beginning of this section, that we have assumed that yi > Ci for a sufficiently large 
constant Ci. 

Lemma 3.9. Let k>l, 0<6<1 and c > 1. Consider a; > 1 and 3 < yi < y2 < ■ ■ ■ < 
Uk < Ui with 2^^^y\ ■ ■ ■ ?/fc < x/y{. For a positive integer N = N{k) set 



H 



log logyi 
logp 



and B = H - N + 1. 



If N is large enough, then 



X 



— {B{k + l)\ogp)^Vo\{YB{N)), 



(logyi)'' 

where Yb{N) is the set of ^ = (^i, . . . ,C,b) G satisfying 

(1) o<6<■••<ei?<l; 
(2) ^i+i>i/B il<i<B-l); 

(3) Ef=i A-'"''^^ < A^. 
Proof Let B* be the set of vectors . . . , 6^) e (N U {0})^ such that 6^ = for i < A^, 
(3.22) Bi<i-N + 1 {N <i<H) 

and 



H 



(3.23) 



^ ^B^-m ^ A + A" 



-TV 



m=N 



1 - 1/A ■ 

Lemma [3.41 and the definition of H imply that log A// < p^+^fe < logyi. Hence 
(3.24) y A{b) C {a G N : P+(a) < yi, jj^a) = 1}. 



beB* 



Fix for the moment b ^ B* C B. By Lemma [3.81 and relation fl3.23p we have that 

logp)^ 



(3.25) E ^ H- E A-") «. ^ 



m=N 
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Also, if N is large enough, then Lemma [3.41 and relation (13.221) imply that 

V ^^ = (fc+if ni-f V 1 V 1... V ± 



> 



(3.26) bN\---bH\ A 



n ( ^°sp 



- bNl-'-bnl j-J^y (logp)exp{pi-^^-i; 

^ l ((fc+l)logp) 
-2 bN\---bHl 



B 



as well as 

0(a) 1 X^:' A/ 1 1 

(3.27) ^U>n(l-— >n('- e.p{^-..-.} ) ^5 

for a G ^(b). Combining Lemma [3. 3 1 with relations (I3.25P and (I3.26P we deduce that 

^ L(^+i)(a) ((fc+l)logp)^ 

a6,4(o) 

The above relation together with (I3.24p , (13.270 and Lemma 13.21 yields that 

For i G {1, . . . , B} set (^j = b^-i+i and let Gj = (71 + ■ ■ ■ + (^j. Then 

(3.28) G, = B,+N-i<i {l<i<B) 
and 

+ 1/A 



(3.29) 5^ A^-^ = A^-^ ^""'"'"^ ^ 

i=l m=N 

by ( 13.22P and ( ]3.23p . respectively. With this notation we have that 

(3.30) 5<'«)(x. 2s,) x "^;+^>'°^f ^ 

(logyO'^+i 

where ^ is the set of vectors g = {gi, . . . , gs) of non- negative integers gi, . . . ,gB with gi + 
■■■+93 = B and such that f l3.28p and fl3.29p hold. For such a g let -R(sr) be the set of 
X G such that 0<xi<---<xb<-B and exactly gi of the Xj's lie in [i — 1, i) for each 
i. Then 

(3.31) a\^..a ! = E ^oK^l^)) = Vol(U,egi?(&)). 

gee g&g 
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We claim that 

(3.32) Vo\{Ug^gR{g)) > 5^ Yo\{Yb{N)). 

Take $, G Yb{N) with < 1 and set xj = B^j. Let Qi be the number of Xj's lying in 
[i — It suffices to show that g = {gi, . . . ,gB) G G- Condition (2) in the definition of 
Yb{N) implies that 

Xi+i>i {l<i<B-l), 
which yields (]3.28p . Finally, condition (3) in the definition of Yb{N) gives us that 

TV - S , B B B 



A 

r^l/A - 1 - 1/A -1-1/A^ 

' ' 1=1 ' 1=1 



i=l i=l j:Xj£[i—l,i) i=l m=i j-Xj£[i—l,i) 

B B 

—m+Gn 



= E E ^' £ E £ -x^ + E 

m=l j:Xj<m l<m<B m=l 

G™>0 

that is fl3.29p holds. To conclude, we have showed that g & Q, which proves that inequality 
f l3.32p does hold. This fact along with f l3.30p and fl3.3ip completes the proof of the lemma. 

□ 

Next, we give a lower bound to the volume of Yb{N). 
Lemma 3.10. Suppose that N is large enough. Then 

Vol(FB(iV)) > ^ 



(5 + 1)! 

The proof of the above lemma will be given in Section 5. If we use Lemmas I3.9l and l3.10[ 
we get that 

X {B{k + l)\ogp)^ X (e(fc + l)logp)^ 



if('^+i)(x,y,2y)»,„ 



(log?/i)'=+i B-B\ (log?/i)*--+i 53/2 

X 



-k,S 



(log 1/1 ) ^ i°s P ) (log log 1/1 ) 

which completes the proof of Theorem [2] and thus the proof of the lower bound in Theorem 

m 



4. Upper bounds. 

The proof of the upper bound we will give follows the corresponding arguments in [S] . The 
argument is simplified slightly by Lemma 12.21 As in the proof of the lower bounds, we will 
assume that yi > C2 for some large enough positive constant C2 = 6*2(^5 5); else, we may use 
the trivial bound H^''^^\x, y, 2y) < x and immediately get the upper bound in Theorem [1] 

For 2 G M'^ and x > 1 define 

fff+^)(x,y,z) = \{n<x: fi\n) = 1, r,+i(n,2/,z) > 1}|. 
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Also, for t > 1 set 



a 

P+(a)<t 
At2(a)=l 



Then we have the following estimate. 



Lemma 4.1. Let 3 < yi, . . . ,yk < x with yi - ■ -yu < x/2^ . Set Zi = 2yi for i = 1, . . . , /c 



and Zh+i = — - — . Then 
^ yvvk 



Hi'+'\x, y, 2y) - Hi''+'\x/2, y, 2y) «, x(log Zf+' 



Zi 



.j^ (log2;j)2'=+2' 
where Z = maxi<j<fc Zj. 

Proof. Let n G {x/2,x] be a square-free integer such that Tk^i{n,y,2y) > 1. Then we may 
write n = di--- 4+i with yi < di < 2yi for z = 1, . . . , fc. Hence 4+i G (i^+t^t::^, ^;7^]- 
So if we set yu+i = 2'=+'^yi-yk — then yi < d^ < Zi ioi i = 1, . . . , A; + 1. For a unique 
permutation a G 5^+1 we have that P"'"((io-(i)) < ■ ■ ■ < -P^(<i<T(/c+i))- Set pj = P^{d„^j)) for 
j = 1, . . . , + 1. Then we may write n = aa'pi ■ ■ ■ p^b, where -P^(a) < pi < Pk < P~{b) and 
all the prime divisors of a' lie in {pi,Pk)- Observe that c/o-(i) = Pid for some integer d with 
P^{d) < pi. In particular, d\a and thus ya{i) < 4(i) = Pic^ < Pi^. Consequently, 

pi >g = max|p+(a),^}. 

Moreover, 

P^{a') <Pk= max P^{d^tj)) < max P+(c/i) < 

i<j<fc 

by the choice of a. In particular, a' G ^{Q, Z). Also, we have that b > pk, since and 
Pa;+i > Pfe- Next, note that 

K(i)M)---K{.)M)|aa' and Ml < ^ < (1 < ^ < A:). 

Pi Pi Pi 

So there are numbers ci, . . . , Cfc G {1, 2, 2^, ... , 2^^} such that 

1/ := log ^,...,log —] eO ^ >{aa). 

^ Pi Pk ^ 

Hence 

fff+"'(a:,z,2z)-i/<'=+i'(rc/2.z,2z) 

(«) ^ E E E E El- 

(re^fc+i P+(a)<z^(i) a'e^(Q,Z) Q<pi<-<pfc Pfc<fc<a;/(aa'pi-Pfc) 

Note that the innermost sum in the right hand side of (14. ip is 

X X 
■C — : < 



aa'pi ■■■pk \og Pk aa'pi ■■■pk log(2(5) 
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by Lemma I2.1[ Therefore (14. ip becomes 

(4.2) ^ Yl aa'\og(2Q) ^ Pi---Pk' 

Fix a, a', a and Ci, . . . , as above. Let mi ■ ■ ■ mk\aa' and set 

/= [log(mi/2),logmi) x ■■■ x [log(mfc/2), logm^) 

as well as 

2mi V - - ; 

Then y' e 31 = [log(mi/4), log(2mi)) x ■ ■ ■ x [log(mfc/4), log(2mfc)) if, and only if, Ui < pi < 
8Ui for all ie{l,...,k}. Thus 

k , k 



^'•'^ 0<E.<.. ■ " .,<58^, log(max{2g, f/.}) ^ log^2g) ' 



Q<pi<---<Pfc ^ 1=1 U,<Pi<8Ui 

y'eSI Pi>Q 

If {Ir}^^i is the collection of the cubes [log(mi/2), logmi) x ■ ■ ■ x [log(mfc/2), logm^) with 
mi ■ ■ ■ mk\aa', then Lemma [273] implies that there exists a sub-collection {/^^jf^i of mutually 
disjoint cubes such that 

s s 
C^''+^\aa') C U 3J,, and S(log2)'= = Vo\([j < L^''+^\aa'). 

s=l s=l 

Thus (14. 3 p along with Lemma 13.1( b) yield that 

1 L(^+^)(aaO ^ rfc+i(aOL(^+^)(a) 

y'6/:(fe+l)(aa') 

Inserting the above estimate into (14. 2 p we find that 
i7f+i)(x,z,2z)-i7f+i)(x/2,z,2z) 

« V V V L(^+^)(a) 

L('=+i)(a) 



smce 



M2(a)=l 

a'e.ii>(Q,Z) Q<p<Z ^ toV 

/.2(a')=l 
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To complete the proof use Lemma 12.2( c) to see that 

/x2(a)=l 

□ 

Next, we use the lemma we just proved to bound H^''^^\x, y, 2y) from above. 

Lemma 4.2. Let k > 2 and < 5 < 1. Forx > 3 and S < yi < ■ ■ ■ < yk with 2'^^^yi ■ ■ - yk ^ 
x/y( we have that 

H^'^'\x,y,2y) x^^^y^^S^'^'\y,). 

(log?/i)^'^+^ 

Proof. First, we reduce the problem to estimating Hi''^^\x, y, 2y). Let n G N with Tk+i{n, y, 2y) > 
1. Write n = n'n" with n' being square-free, n" square-full and {n',n") = 1. The number of 
n < X with n" > (logt/i)^'^^^ is 

El X 
— <^ 
n" (logyi)'=+i' 

n square— mil 
n">(logyi)2'=+2 

Assume now that n" < (log?/i)^'^"'"^. For some product /i ■ • ■ fk\n" there is a product Ci - ■ ■ ek\n' 
such that yi/ fi < Ci < 2yi/ fi ior i = 1, . . . , k. Therefore 



(4.4) n"<(Iog?;i)2'=+2 



n" square— full fi---fkW 



Vk 

fk 



X 



. (log ?/i )'=+!/■ 

Fix a square-full integer n" < (log?/i)^'^+^ and positive integers /i, . . . , with /i ■ ■ ■ fk\n". 
Put x' = x/n" and y'^ = yi/ fi for i = l,...,k. Each n' G (x'/(log?/i)'''+^, x'] lies in a 
interval (2^^'^^x', 2~''x'] for some integer < r < ^^log2?/i. We will apply Lemma [4. II with 
2~'^x' in place of x and y^, ■ ■ ■ ,y'k in place of . . . , ?/a:- Set z'^ = 2y[ for i = 1, . . . , /c and 
4+1 = 2~''xV(?/; ■ ■ -y^). Moreover, let = {y[, . . . ,?/^). Note that ^ < z] < 2yk for all 
J G {1, . . . , A;} and 

, ^ • • • /fc ^ ^ 5/2 

2^n"y, ■■■yk- (log y^f^^^y^ ■■■yk-^' ' 
provided that C2 is large enough. So 



i7r^)(a:', y\ 2y') «. + E ^ Y.(^o^y^''^^ 



0<r-<miog2yi ^=1 



(logi„)'+' ' I (log*) 
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By the above estimate, (14.41) and the straightforward inequahties 

n" square— full 

and ^(^•+i)(t) > = (log2)^ we deduce that 

y, 2y) x{\ogy,)'^' maxj^^-^ : t > 

Finally, note that for every t > yf^"^ we have that 

s<'«>(t)< y ^'""('■') y ii±iM«,,fi^y« y ^'^""(°'). 

, di 02 ' Vlogui/ ai 

p+(ai)<yf/^ a2e^{^/^/^^) P+(ai)<yi 

/x2(ai)=l M^{a2)=l M^{ai)=l 

where we used Lemma [3.1( b). Therefore 

S^'^-'Kt) S('+'\y,) 

(logtyk+2 (log|/ilogt)^'+l '^■^ (log?/i)2'=+2' 

which completes the proof of the lemma. □ 
We proceed by bounding S^'^'^^^yi) from above. First, define 

Wfc(a) = \{p\a ■.p>k}\ 

and 



P+ia)<yi 
'^k{a.)=r,fi'^{a)=l 

Then we have the following estimate of Si-'''^^\yi) when 1 < r <^k log log yi. 
Lemma 4.3. Let v = [^^f^^J and assume that 1 < r < (lOA;)^;. Then 

S^'^'\yi) «fc ((A; + l)loglogi/i)'-f/,(t;; A;), 

where 

Ur{y-k)= J ■ J (^mm^p-^(p''fi + --- + p< + 1))''^^. 

0<5l<---<Cr<l 

Proof. For the sets Z)j constructed in Section 3 we have that 

{p prime : k < p < yi} C Dj, 
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by Lemma [3.41 Consider a square- free integer a = bpi ■ ■ - pr with P+(6) < k < pi < ■ ■ ■ < pr 
and define ji by Pi G Dj^, 1 <i < r. By Lemmas 13. II and 13.4^ we have 

L^''-''\a)<T,+,{b)L^'+'\p,---Pr) 

< Tk+i{b) min {k + l)"~^(logpi + ■ ■ ■ + logp, + log2)'= 

0<s<r 

^kTk+imk + iyFij), 

where 

FU) := (minp-^(p^-^ + --- + p^-= + i; 
Furthermore, we have that 



k 



P+(b)<k 

So if J denotes the set of vectors j = (ji, . . . ,jr) satisfying I < ji < ■ ■ ■ < jr ^ v + + 1, 
then 

(4.5) Si'+'\y^)^,{k + irJ2^(^^ E 

jej Pi<-<Pr P^---Pr 

p,&D,^ (l<i<r) 

Fix j = (ji, . . . ,jr) e J and let bg = \{l < i < r : ji = s}\ for 1 < s < v + + 1. By 
(13 -Gp and the hypothesis that r < lOkv, the sum over pi, . . . ,pr in f l4.5p is at most 

«fe (loglogi/i)'-Vol(/(j)), 

where 

/(j) := {0 < 6 < ■ ■ • < < 1 : - 1 < (t' + ^fe + 1)^^ < (1 < ^ < 0}, 

because for each . . . ,^r) G -^(j) and s G {1, . . . , f + — 1} there are exactly bs numbers 
satisfying s — 1 < {v + Lk + < s and Vol({0 < xi < ■ ■ ■ < Xb < 1}) = l/b\. Inserting 
fOj) into (gSD we deduce that 

Si'^'\yi) «fc ((A; + l)loglogyir Vol(/(i)). 

Finally, note that for every ^ G /(j) we have that p^^ < p^+('"+^k+^)ii < pL^+'i p<i g^j^^j ^j-^^g 

«, ( min p-^(p<^ + ■ ■ ■ + p<^ + 1))', 

which in turn implies that 

J]F(j)Vol(J(j))«fef/r(t^;A;). 

3&J 

This completes the proof. □ 
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The proof of the next lemma will be given in section [5l 
Lemma 4.4. Suppose r,v are integers satisfying 1 < r < {10k)v. Then 

1 + If — r\ 

Ur{v; k) <fc 



(r + l)!((A; + l)^-'' + l)' 
We combine Lemmas 14.31 and 14.41 to estimate S'^^'^^\yi) . 
Lemma 4.5. We have that 

(logyO'^+'-^^i^) 



(log log yi)3/2 

Proof. Let v = [^^f^^J • By Lemmas and 1131 we have that 
(4.7) 



Q(.k+i)( \ ^ V- jr-v) {{k + l)\og\ogyiY „ ((A: + 1) loglogyi)^ 

^ 1^ (fcTi)^ ' ' 

v<r<10kv v<r<10kv ^ ^ ^ ^ ^ ^ 

since log p < 1, and 

l<r<?; l<r<t) I /• I J- 

since {k + l)logp > 1. It remains to estimate the sum of Si''^^\yi) over r > lOkv. Let 
r > lOkv and a G N so that /i^(a) = 1 and a;A;(a) = r. Then we may uniquely write a = aia2 
with P+(ai) < k < P~{a2), in which case a; (02) = r. Applying Lemma [3.1( a) we find that 

L('=+i)(a) < (log2)Vfe+i(a) = (log2)V,+i(aO(fc + 1)^ 

Hence 

J2 si'^'\y,) < {iog2r E E "'"^^^'^^^^"''^'^ 

1 ^2 

r>10fct; r>10fci; P+(ai)<fc a2e^(fc,2yi) 

/i2(ai)=l U}{a2)=r, 1^^(02)=! 



Q -£ * ^1 V ^ < p 

r>10fe?; a2e3^{k,yi) r>10kv k<p<yi 

uj{a2)=r,fi^ (02)=! 

Since 

V - =loglogi/i + Ofc(l), 
p 

k<p<yi 

we deduce that 

V- c^(fc+l). ^ ((fc + l)l0gl0gyi+0,(l))^°^- ((fc+l)loglogyi)- 

(4.9) 1^ ^(yi) «. «. . 

Combining relations (14. 7p . (14. 8 p and (14. 9 p we get that 

((A;+l)loglogyi)^ ^ , ((/c + 1) log log 2/1)'^ 



{v + l)\ {v + l)\ 
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Thus an application of Stirling's formula completes the proof. □ 

Finally, insert the estimate of Lemma [4. 51 into Lemma [4.21 to finish the proof of the upper 
bound in Theorem [H 

5. Estimates from order statistics 

The following discussion is a generalization of estimates about uniform order statistics 
obtained in [5] in order to fit this context. Our ultimate goal is to give a proof of Lemmas 
[3lO]andg21 Set 

Sriu,v) = {(6, . . . ,6) e R'' : < ^1 < ■ ■ ■ < 6. < 1, > (1 < ^ < r)| 

and 

Qr{u,v) = Prob(^^i > {l<t<k) < ^1 < ■■ ■ < < l) = r\Vo\{Sr{u,v)). 

Combining Theorem 1 in and Lemma 11.1 in [6] we have the following result. 

Lemma 5.1. Let w = u + v — r. Uniformly in u > 0, w > and r > 1, we have 

, {u + l){w + l) 
r 

Furthermore, if 1 < u < r, then 

, M - 1/2 
Qr{u,r + l-u)> 

r + 1/2 

Also, we need Lemma 4.3 from |5], which we state below. Note that we have replaced the 
constant "10" with a general constant C, [u + v — r)^ hj u + v — r and {g — 2)! by {g — 1)!, 
which is allowed because we are using Lemma [5. II in place of Lemma 4.1 in [5]. The proof 
remains exactly the same. 

Lemma 5.2. Suppose g, r, s,u,v E 7^ satisfy 

2 < 5- < r/2, s > 0, r <Cv, u>0, u + v > r + 1, 

where C is a constant > 1. Let R be the subset of ^ E Sr{u, v) such that, for some I > g + 1, 
we have 

l—u ^ l—u+1 ^ l—u—s 
<ii< , ii-g> • 

V V V 

Then 

We now prove Lemma [3. 101 
Proof of LemmalKM For ^ = (^i, . . . , ^b) e set 

B 
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Note that 

Vo\{Yb{N)) = Yo\{Sb{1, B)) - Vol({^ G B) : Fb{$,) > A^} 

Sb{1,B) 

by Lemma [5.1[ In [6l Lemma 4.9, p. 423-424] it is shown that 



Sr{u,v) 

provided that M-|-f = r + l,l<f<r< 100 (f — 1) and r is large enough. Following the 
same argument we have 

(5.2) / FBmi^k ^ 



(5 + 1)! 

Sb{1,B) 

(the only thing we need to check is that A > 1 so that the integral dy converges). 

By dEH) and ([ED we deduce that 

1 / A~^ \ 1 

provided that = N{k) is large enough. This completes the proof. □ 

Finally, we show Lemma 14.41 Before we get to this proof we need a preliminary result. 
For /i > 1 define 

%{r,v,^) = {0 < ei < ■ ■ ■ < < 1 : f^"^' + ■■■ + fi"^^ > fi'-^ (1 < J < r)}. 
Then we have the following estimate. 

Lemma 5.3. Suppose r,v,'~f are integers with 7 > and 1 < r < Cv, where C > 1 is a 
constant. Set b = r — v and 



Y 

Then 



b «/&>7 + l, 

(7 -6 + 1) (7 + 1) else. 



Proof. Set t = max{6 — 7, 2 + 7^^}- For every ^ E T^{r, v, 7) we have that either 

(5.3) > ~ ^ ~ ^ (l<J<r) 

V 

or there are integers h >t + 1 and 1 < / < r such that 

(5.4) min ( - ^- 1 ) = ^ G 



i<j<r 



V V 
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Let Vi be the volume of ^ G T^{r,v,'j) that satisfy (15. 3 p and let V2 be the volume of ^ G 
7^(r, f,7) that satisfy (15. 4p for some integers h>t + l and 1 < I <r. First, we bound Vi. 
If 6 > 7 + 2 + log 32/ log /i so that t = b — '-y, then (15. 3 p is not possible because it would imply 
that C,r > 1. So assume that 6 < 7 + 2 + log 32/ log /i, in which case t = 2 + log 32/ log /x. 
Then 



Qril + 2+'S^v) ^^ (7 + 3 + ^)(7 + 3 + jgf-&) Y 

r\ (r + 1)! /i'^''-^(r + l)!^ 



by Lemma [5?T1 Finally, we bound V2. Fix h >t + l and 1 < Z < r and consider ^ G 7^(r, f , 7) 
that satisfies (15. 4p . Then 

Z-7 /-7 . + 1 
< 4« ^ 



and consequently 

/>7 + /i-l>7 + t>2. 

Set 



(5.5) ho = h-l 



log 4 



log/i VlogyU / log/i 

We claim that there exists some m G N with m > ho and [/i"*] < //2 such that 

(5.6) 6-Lm™J > • 

Indeed, note that 

(5.7) " 



m>h(j 

Lm'"J<V2 



So if ([51]) failed for all m > ho with [/x^J < //2, then ([EID and ([EZD would imply that 



m>ho+l 
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by (15. 5p . which is a contradiction. Hence (15. 6 p does hold and Lemma [52] apphed with u 
J + h, g = L/i^J and s = 2m imphes that 



(r + 1)! (lyu""! - 1) 



V- ^ {l + h + l){-f + h-b) fCe{2m + l) 
2^ 2^ ^r^yy^ ^- 



(7 + /i + l)(7 + /i-6) 



u'^'"+'"o(r + 1)! 

h>t+lm>ho ^ \ ' J 

where mo = 1 + [log 4/ log /i] . The sum of over m > /iq is yU"^''. Finally, 

summing over /i > t + 1 gives us that 

(7 + t + 2)(7-& + t + l) y 
' ^^''''^ /i/^*+^(r + 1)! ^"^'^ /iM'-(r + 1)! ' 

which completes the proof. □ 
Proof of Lemma Recall that p = {k + lY^''. Set 

F(^)= fminp-^(p<^ + --- + p<^ + l)^ 

\0<j<r 

and note that -F(^) < 1. Fix an integer m > 1. Consider ^ G M*" with 0<^i<---<^r<l 
such that 2^{k + l)"" < F(^) < 2'=(A; + 1)^-'". For 1 < j < r we have that 

and 

p-i(p<i + . . . + p<.) = p-^ (p<i + . . . + p''?^ + 1) - p-^ 

> {F{i)Y"-p-^>2p-^^-p-^. 

Thus 

p"^ (p"^^ + ■ ■ ■ + p"^0 > max{p-^ 2p-"^ - p-^ } > p-*", 
that is £ G Tp{r,v,m). Therefore Lemma [5.31 applied with C = 10k implies that 



Ur{v- k)<J2 + l)'"" Vol(7;(r, V, m)) 



(5-8) '"^^ , . . 

^ ^ ' ' m(m -6 + 1 



+ 1)! ( 5^. (A; + 



V + 1)!V^ (k + l)"'pp''-"' ^ {k^\\ 

> \<m<h y ' I m>max{l,fe} ^ ' 



If 6 > 1, then each sum in the right hand side of (15. 8p is h(k + 1) On the other hand, 
if 6 < 0, then the first sum is empty and the second one is <^fc 1 + In any case, 

which completes the proof. □ 
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